SOME BINOMIAL-COEFFICIENT SUMS

For nonnegative integers n, k, let
1
(1) P(n,k) = / (1 —2z)"z"dz.
0
Evidently P(0,k) = P(k,0) = k+1 If n is positive, integration by parts gives

P(n,k) = /01(1 — z)"zFdx

1

I / JU—
—0+k—+lp( +1)
Hence
P(n,k):kilP(n—l,kJrl)
::wfg&ﬁmpm—zk+m
:'”:(h+n@+€y~w+nf%&k+m
::%+4Xk+%-fé+nﬂk+n+D

B 1 nlk!
Ck+tn+1(n+k)

B 1 n+k -1
Ck4+n+1\ k

On the other hand, expanding out (1 — )™ in (1) gives

= [ £ 0) s £ )

Thus, we have the identity
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for all nonnegative integers n and k. The case k = 0 is

25 (i) -

j=1
as proved earlier. Of course (2) does not hold for £ = —1, but in that case we have
"L (—1) Lur —1
y- D () =T
g \J o u—1

=0

Ezercise 1. Define for nonnegative integers k,n
1
Q(n, k)= / (1+ z)"zFdz.
0
a. Show that
_ 1 n
k) = —) . ).
Qn. k) ;k+g+1<g>

b. Using integration by parts, show that for £ > 0

on+l1 k
n+1_n+1

Qn, k) = Qn+1,k—1).

c. Explain why Q(n,0) = (2"*1 —1)/(n + 1), and use this fact together with part
(b) to get a formula for Q(n,1).

Suppose now we want to evaluate

§=0
We have .
S (M) =1 e
i=0 J
and so .
2(.+)1 <"> :/ (1— 22)"da.
=0 J J 0

On the other hand, I(n) = fol(l — 2%)"dx can be written

I(n) = /2 (1 — sin®0)" cos 0df = /2 cos®™ 1 0do
0

0

via the substitution x = sin#, and so, integrating by parts,
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jus s

2 2
+ 2n/ cos>” 1 9sin? 0do
0

I(n) = / cos®™ @ cos Odf = cos®™ A sin @
0 0

s

=0+ 2n/2 (cos®™ ™10 — cos®™ 1 0)dh = 2n(I(n — 1) — I(n)).
0

Add 2nI(n) to both sides to get (2n + 1)I(n) = 2nl(n — 1), or

Hence

I(n—2)

. (2n)(2n—-2)---2
”_(mr+nmn—1y~3ﬂm'

Now I(0) =1, so

(2n)(2n —2)---2 (2n)2(2n —2)%---22  22%(p!)?

I(”):(2n+1)(2n_1)...3: (2n +1)! :(2n+1)!
and thus
n (—l)j n\ 22n(n!)2
(3) par 2j+1<j> T @2n+ 1)

Ezercise 2. For nonnegative integers n, let

J(n) = /01(1 + 2% da

a. Show that

J("):Z%lﬂ(?)'

=0
b. Using the substitution z = tan @, prove that

™

J(n) = /4 sec?" 2 0dp.
0

c. Use integration by parts to show

oo N omn
2 +1 2n+1

J(n)

Hint: split up sec2"*2 0df as sec?” Od(tan®).
d. Use the recurrence to find J(3). (Note that J(0) = 1.)

J(n—1).



